The aerospace EMC community is still seeking robust methods to predict the maximum expected field strength in avionics boxes and other electrically small enclosures. The authors use results of an experimental study on an aperture enclosure to show that frequency variance must be considered -in addition to Rayleigh statistics -when dealing with such under-moded enclosures. A statistical model based on Lyon's 1969 work on acoustic response variance in rooms is shown to be a significant improvement over the Rayleigh statistics model for predicting the maximum expected electric field response in electrically small enclosures.
INTRODUCTION
This paper reports the experimental validation of an improved statistical model for the prediction of maximum expected electric field in electrically small and under-moded enclosures. The aerospace community is interested in application of Hill's statistical models [1] to design of avionics boxes for shielding effectiveness and for tailoring EMC test requirements for critical applications. However, it has been observed [4] , [6] , [7] , [8] that the probability distribution for mean-squared electric field 2 x E in an electrically small enclosure differs from the (Rayleigh) exponential distribution, which is widely used in reverberation chamber testing. It is postulated here that the difference is attributable to the under-moded character of the small enclosure. We will define "under-moded" as the condition where a single excitation frequency does not excite enough closely spaced resonant modes to achieve Hill's assumption of an isotropic (or fully diffuse) plane wave field in the enclosure. The objectives of this study are subtly different to the objectives of reverberation chamber (RC) design. In an RC, a mode stirrer (or equivalent) is used to create multiple field tests in an electrically large, over-moded enclosure. The tests provide an ensemble to ensure isotropic loading over uncertainty in the operating environment of a device under test (DUT). For small enclosures, there is uncertainty in both the external field loading and uncertainty in the electromagnetic properties of the DUT itself; for instance its dimensions, leakage apertures, internal antenna loading, etc.). In this study we are more concerned with the latter; uncertainty in the electromagnetic properties of a small enclosure with apertures, representative of a typical avionics box or compartment. We will use mode stirring inside a small aperture enclosure to validate a statistical model. The statistical model seeks to predict the mean and maximum expected electric field in an electrically small enclosure with uncertain parameters. Hill [5] reasoned that a DUT was analogous to an antenna, for which the received power should be an exponential distribution. However, other researchers measured different results; Holland and St. John [6] preferred a Lehman distribution while Lee and Marvin [7] showed evidence of a double Rayleigh distribution. The confusion has been partly explained in two recent papers by West. For monochromatic (single frequency) excitation in a mode-stirred RC, the DUT is effectively deterministic. West used simulation and test to confirm that the current induced in a short wire antenna inside the DUT has an exponential distribution. However, West also showed [8] that an electrically small enclosure has more widely spaced resonant modes than an RC such that the frequency band average current does not have an exponential distribution. Bayesian probability theory is used to show that the probability density function (PDF) can be calculated from the highly frequency dependent, free space radiation impedance of the whole DUT assembly; ie the wire antenna in the aperture enclosure. However, that PDF is consequently very specific to the radiation characteristics of the DUT; it is not easily calculated and does not converge to a single, two parameter PDF. This paper considers the common design case where the highly frequency dependent radiation impedance of the DUT is uncertain and needs to be quantified statistically. Experiments were conducted on the same DUT as tested by West, but with mode stirring inside the small enclosure, to represent uncertain parameters. It will be shown that the frequency variance is a significant contributor to the PDF -in addition to Rayleigh statistics -and that a good first order estimate of maximum expected response can be obtained from only two parameters; the average resonant mode spacing and the modal Q factor.
EXPERIMENTAL STUDY
Measurements were made in a small "box" enclosure with high Q, with different apertures. The box dimensions shown in Figure 1 are chosen so that its electromagnetic field transitions from under-moded to over-moded [13] , over the measurement frequency range of 1.0-6.0 GHz.
Figure 1 Source antenna in a reverberation chamber (left); aperture box with wire antenna and stirrer (right)
Three apertures were tested -a slot aperture AP1 (1cm x 6cm), a rectangular aperture AP2 (6cm x 15cm) and a circular aperture AP3 (3cm diameter).
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Figure 2. Three box apertures AP1, AP2 and AP3
S21 measurements were made from wideband source antenna in the reverberation chamber to 104 mm straight wire receive antenna in the aperture box. The wire antenna impedance mismatch was assumed deterministic and removed from the measurements using [3] ( ) 
An ensemble of S21 measurements for 50 stirrer positions in the box are shown in Figure 3 . It is clear that even after averaging over stirrer position, the ensemble mean exhibits a large variation with frequency. The statistics of the under-moded field were further investigated by plotting the ratio of standard deviation to mean. The results can be compared with the value of unity for an ideal exponential distribution [3] in Figure  4 . It is observed that while the ratio assymptotes to unity at higher frequencies, there is significantly more variance at select lower frequencies. The relative variance is frequency dependent below 4.5 GHz, even after the frequency variance of the mean has been removed by the normalization. While every effort was made to control signal-to-noise ratio and repeatability in the test data, some of the frequency spikes may be biased estimates. However, the measurements are sufficiently robust to confirm that an additional frequency variance -not predicted by Rayleigh statistics -becomes significant at low frequency undermoded conditions, which are commonly encountered in electrically small enclosures. It is important at this point to re-state our objectiveto predict the maximum expected DUT response (received power, electric field strength, induced current, etc) with no detailed knowledge of the DUT frequency response characteristics. Even if we had all of the design parameters needed to calcuate an explicit radiation impedance frequency response function for the DUT, we assume that it is still subject to signifcant uncertainty due to manufacturing tolerances, variations in operating environment, etc. The maximum expected DUT response prediction must therefore estimate this frequency variance.
STATISTICAL POWER BALANCE MODEL
For an electrically large enclosure, there is sufficient overlap of closely-spaced resonant modes to support Hill's assumption [1] of approximately equal amplitude electromagnetic waves in all directions and all polarizations, due to reverberation.
For these conditions, Hill has shown that power balance applies
The total energy U of the reverberant field is is demonstrated for apertures AP1 and AP2 in Figure 5 and Figure 6 respectively. 
When the small dipole current source result is integrated over the length of a straight wire antenna, it represents the power radiated by the antenna into the enclosure resonant modes. Bremner [12] has shown that Hill's statistical power balance equation for electrically large, over-moded chambers also applies to electrically small, undermoded enclosures; but only in the statistical mean over an ensemble of uncertain instances. Integrating equation band averaging over uncertainty in the temporal resonance mode frequencies, yields Hill's power balance equation (2) .
In the field of vibro-acoustics, Lyon [10] observed that equation (6) is a modal sum of products of a temporal (frequency response) term and a spatial (mode shape function) term
The modal conductance term Equation (7) is effectively a sequence of pulses along the frequency axis, as originally illustrated by Lyon in Figure 7 below. This is a statistical ensemble whose moments and distribution have been derived for similar random pulse trains which are a function of time. The modal power input pulse train has characteristics similar to the radiation frequency response function that West uses to obtain the band average PDF for a deterministic DUT in a mode stirred RC [9] .
To develop a statistical model for this frequency response function, Lyon assumed that the mode spacing f Δ of the reverberant wavefield in a rectangular enclosure follows a modified Poisson distribution of the form ( )
This was evaluated for the rectangular test enclosure in Figure 1 , using the resonance frequency equation 
where n is the modal density (s/rad) of the enclosure. It follows that modal overlap greater than unity is a sufficient condition for over-moded cavity statistics. For sinusoidal mode shapes in the rectangular enclosure, the spatial variance term For a wider class of reverberant wavefields with nonrectangular boundaries, Weaver [11] has shown that the natural frequency spacings are more correctly described by the Gaussian Orthogonal Ensemble (GOE) from random matrix theory. Weaver provides a variance formulation for the energy of a reverberant wave field excited by one or more point excitations. 
where L and N are respectively the number of receiver and source positions used to calculate cavity energy. Since the of total energy of a reverberant electric field ( ) U ω is a volume integral of (5) The results in Figure 9 were obtained using equation (14) with N=1, L=30 and assuming a log normal probability density function (PDF). The latter assumption will be discussed and justified in the next section of the paper.
It is important to note that for three-dimensional reverberant wavefields, the frequency variance term 1 m − decreases rapidly with frequency. At high frequencies, Lyon's field response variance (13) becomes unity, which is the exponential distribution of Rayleigh statistics. This makes it clear that Rayleigh statistics only apply at high modal overlap, where the variance is entirely due to spatial uncertainty in the mode shapes.
PROBABILITY DENSITY FUNCTION
The explicit form of the PDF for random variables defined by equation (7) is not fully defined at this point. However, two important limiting cases have been established in the foregoing discussion -low modal At high modal overlap -such as in a typical reverberation chamber -the PDF is an exponential distribution. At low modal overlap, the frequency variance dominates and the response is close to log normally distributed, as demonstrated by the results in Figure 9 .
The latter can be understood by noting that the energy
over the volume -is effectively independent of the mode shapes. The energy integral is proportional to a sum over N spatial electric field samples. In the same sense that the total mean squared electric field is Chi Square distributed with 6 degrees of freedom, the energy U should be Chi Square distributed with 6N degrees of freedom. It follows from central limit theorem, that the Chi Square distribution should asymptote to the normal distribution for infinite degrees of freedom, 6N → ∞ . However, the convergence is slow. The log normal distribution ( ) 2 Log χ is found to converge more rapidly, as the logarithm removes much of the asymmetry of the Chi distribution.
Maximum Expected |S21| 2
The s-parameter measurements described in section 2 are by definition normalized to a constant unit power source and the enclosure Q is measured. So the relative variance of 21 S is proportional to the relative variance of the electric field.
( ) ( ) (16) in Figure  11 that the maximum increases slowly with the logarithm of N. For high modal overlap conditions, N is taken to be the number of frequency stirrer positions. For 50 stirrer locations, the ratio of maximum to mean at each frequency is 15.178/2 (8.8 dB).
Figure 11. The expected maximum of an exponential distribution, as a function of the number of samples in the ensemble (reproduced from [3])
For a log normal distribution at low modal overlap, the maximum is defined by the normal tolerance limits. For an ensemble of 50 stirrer locations, the maximum expected will be a 1-in-50 event, which is the P98 value
For a normal distribution with N=50 samples, the k factor for P98 is 98 2.19 k 
However it is important to note that the statistical power balance model yields U from equation (2) 
Since our aperture box was specifically designed to transition from under-moded to over-moded conditions, we can expect the statistics of the |S21| 2 measurements to exhibit some composite PDF. The change in statistical distribution is evident in the ensemble maximum-tomean ratio, shown in Figure 12 . The dashed lines are the mean, P97.5 and P2.5 predictions of maximum expected |S21| 2 , for an exponential distribution with 50 samples, from equation (16). If the maximum expected is to be predicted over a wide frequency range that includes high modal overlap, then a workable solution would be to predict the maximum expected as the uncorrelated root-sum-squared superposition of estimates from both PDF models -log normal, frequency variance estimate (17), (18) 
RESULTS
We found that the low modal overlap, log normal PDF was a good fit to the data only when we considered a frequency interval effect. Lyon's relative variance is relative to the statistical power balance mean. That mean does not include any mode-to-mode frequency variance. When comparing with a deterministic test instance, it is only applicable over a frequency interval at least as wide as the average mode spacing, which is approximately 100 MHz, at 1 GHz.
Lyon's relative variance -used with a log normal PDF -predicts the maximum expected field response to a single harmonic excitation anywhere in that 100 MHz frequency interval. Since the VNA measurements were made at multiple frequencies uniformly spaced at 3.125 MHz, the maximum measured S21 arises from an ensemble of 100/3.125 = 32 different frequencies. Since there are 50 different stirrer locations at each frequency, the log normal maximum of 32x50=1,600 measured samples is the (1-1/1600) = P9994 quantile.
Both Rayleigh ("EXPON") predictions of maximum expected |S21| 2 from (16) and composite LyonRayleigh predictions ("COMP PDF") from (19) are shown overlaid on the full ensemble of test data in Figure 13 below. 
DISCUSSION
The results summarized in Figure 13 are encouraging. For the smallest aperture AP1, the box modes are almost de-coupled from the RC modes and the effective loss factor of the aperture is small compared with other losses in the enclosure. For the larger AP2 aperture, the box modes are more strongly coupled with the RC modes and the effective loss factor of the aperture modes is increased. Under these circumstances, the modal overlap is higher than for aperture AP1 and the frequency variance is less. Lyon's model correctly predicts the lower relative variance in |S21| 2 . When used in log normal distribution, the model predicts only moderate increase in maximum expected |S21| 2 compared with the Rayleigh model, at low frequencies.
For the circular AP3 aperture, the aperture area has a larger coupling loss factor (transmission cross section) than AP1, but still considerably smaller than AP2. As for AP1, the model predicts that the maximum expected |S21| 2 is significantly higher than the Rayleigh statistics estimate at low frequencies.
CONCLUSIONS
This work has confirmed experimentally that electrically small enclosures exhibit significantly higher variance in field response than predicted by the Rayleigh statistics model used in reverberation chambers. The effect is shown to be attributable to wellseparated resonant mode responses at low frequencies. The frequency variance becomes negligible at higher frequencies, when the enclosure resonance modes become numerous enough -or broadband enough due to damping -to achieve sufficient "modal overlap", above which point Rayleigh statistics are observed.
Lyon's 1969 work on statistical models for the frequency variance of acoustic room response has been found to be a good first order predictor of relative variance of |S21| 2 in an electrically small enclosure. It should be equally applicable to prediction of all related field quantities -electric field, magnetic field, induced current in conductors, shielding effectiveness, etc. The model scales on a single, easily estimated parameterthe modal overlap factor m. For electric fields in threedimensional volumes, Lyons equation (13) indicates that for modal overlap m<5.7 frequency variance becomes important. At higher frequencies, m>5.7 the exponential variance of Rayleigh statistics dominates.
The authors have postulated a simple composite probability density function which is log normal for the frequency variance term in Lyon's equation (13) . and exponential for the high frequency term. The prediction of maximum expected |S21| 2 using this composite PDF is shown by comparison with measurements to be a significant improvement over Rayleigh statistics. The solution is equally applicable to both electrically small enclosures at GHz frequencies -and much larger reverberation chambers when operated at low frequencies.
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